The heat transfer in solid materials at the micro-and nano-scale can be described by the mesoscopic phonon Boltzmann transport equation (BTE), rather than the macroscopic Fourier's heat conduction equation that works only in the diffusive regime. The implicit discrete ordinate method (DOM) is efficient to find the steady-state solutions of the BTE for highly non-equilibrium heat transfer problems, but converges extremely slowly in the near-diffusive regime. In this paper, a fast synthetic iterative scheme is developed to accelerate convergence for the implicit DOM based on the stationary phonon BTE. The key innovative point of the present scheme is the introduction of the macroscopic synthetic diffusion equation for the temperature, which is obtained from the zero-and first-order moment equations of the phonon BTE. The synthetic diffusion equation, which is asymptomatically preserving to the Fourier's heat conduction equation in the diffusive regime, contains a term related to the Fourier's law and a term determined by the second-order moment of the distribution function that reflects the non-Fourier heat transfer. The mesoscopic kinetic equation and macroscopic diffusion equations are tightly coupled together, because the diffusion equation provides the temperature for the BTE, while the BTE provides the high-order moment to the diffusion equation to describe the non-Fourier heat transfer. This synthetic iterative scheme strengthens the coupling of all phonons in the phase space to facilitate the fast convergence from the diffusive to ballistic regimes. Typical numerical tests in one-, two-, and three-dimensional problems demonstrate that our scheme can describe the multiscale heat transfer problems accurately and efficiently. For all test cases convergence is reached within one hundred iteration steps, which is one to three orders of magnitude faster than the traditional implicit DOM in the near-diffusive regime.
INTRODUCTION
The Boltzmann transport equation for heat carriers, including photon, electron, neutron, phonon and so on, is widely used to model multiscale energy transport and conversion [1, 2, 3, 4] . In semiconductor devices, the phonon is regarded as the main heat carrier and the phonon Boltzmann transport equation (BTE) [5, 6, 7] is usually used to predict the multiscale heat transfer in materials [8, 9] , while the Fourier's heat conduction equation is only valid in the diffusive regime, i.e. when the system size is much larger than the phonon mean free path. For steady problems, the phonon BTE is composed of the advection and scattering terms with six degrees of freedom, namely, the physical space (x, y, z coordinates) and the wave vector space (frequency space and solid angle space) [10] . Due to its complicated mathematical expression and multi-variables [11, 2] , it is important to numerically solve the phonon BTE efficiently and accurately for actual thermal applications.
Many numerical methods, including the Monte Carlo method [12, 13] , discrete ordinate method (DOM) [14] , discrete unified gas kinetic scheme (DUGKS) [15, 16] , and lattice Boltzmann method (LBM) [17] , have been developed to solve the phonon BTE. The Monte Carlo method is the most widely used one in micro/nano scale heat transfer because it can handle with the complex phonon dispersion and scattering physics easily and accurately. However, the requirement that the time step and cell size have to be respectively smaller than the relaxation time and the phonon mean free path restricts its applications in the near-diffusive regime.
The Monte Carlo method suffers large statistics errors and converges very slowly in this regime. To fix this problem, some strategies [18, 19, 20] were proposed, such as the energy-based variance-reduced Monte Carlo method [19, 21] . In this method, the stochastic particle description solves only the deviation from the equilibrium state so that it reduces the statistical error significantly and converges faster than the traditional Monte Carlo method when the temperature difference in the simulation domain is small. The DOM employs the deterministic discretization of the wave vector space and physical space, hence it is free of noise.
However, the discretization of the six-dimensional non-equilibrium distribution function needs lots of computer memory. Moreover, the phonon advection and scattering are handled separately so that it has large numerical dissipations in the near-diffusive regime, i.e. the numerical heat conductivity is much larger than the physical conductivity. To solve this problem, the DUGKS [15, 16] , which couples the phonon scattering and advection together at the cell interface within one time step, has been developed. It works well for all regimes and its time step is not restricted by the relaxation time. The lattice Boltzmann method [22, 23] works well in the near-diffusive regime but it is very hard to capture the multiscale phonon transport physics correctly with a wide range of group velocities and mean free paths, since its use of highly optimized but limited number of discrete solid angles.
For steady heat transfer problems, explicit methods [24, 25] usually converge slowly due to the limitation of the time step by the Courant-Friedrichs-Lewy condition. The implicit iterative scheme, which has no such limitation, will be an excellent choice to find the steady state solution quickly. One of the most popular implicit methods is the implicit DOM [26, 27, 28, 29] . Given the initial temperature distribution, the phonon BTE for each discretized wave vector is solved iteratively in the whole discretized physical space [30] . After each iteration, the total energy or temperature is updated by the moment of the distribution function over the wave vector space based on the energy conservation of the phonon scattering term. These processes are repeated till convergence. This method converges very fast in the ballistic regime, since the phonon scattering is rare and the information exchange in the physical space is efficient. Note that the energy conservation of the scattering term is not satisfied numerically until the steady state is reached when solving the phonon BTE iteratively for each discretized wave vector [31, 29, 32, 33] , which indicates that the coupling of the phonons with different wave vectors are inefficient. Therefore, the iteration converges very slowly in the regimes where the phonon scattering dominates the heat transfer, for example, in the near-diffusive regime.
In real materials, unfortunately, the phonon mean free paths span several orders of magnitude [34, 35] . In other words, the phonon BTE is essentially multiscale and for actual thermal engineering, it is necessary to tackle the low efficiency problem in the implicit DOM in the near-diffusive regime.
To accelerate convergence for the implicit DOM in the near-diffusive regime, many strategies [29, 36] have been developed. One of them is the hybrid Fourier-BTE method [30] , in which a cutoff Knudsen number is introduced and different equations are used to describe phonon behaviors with different mean free paths. For phonon in each discretized wave vector, if the associated Knudsen number (Kn, the ratio of the mean free path to the characteristic length of the system) is larger than the cutoff one, the traditional implicit DOM is used; otherwise, a modified Fourier equation is used to describe the thermal transport of phonons with small mean free paths. The hybrid Fourier-BTE works well and accelerates convergence in both the ballistic and diffusive regimes. However, the choice of the cutoff Knudsen number that will affect the convergent solution has not been justified rigorously. Different from the explicit numerical treatment of the scattering term in the implicit DOM, the coupled ordinate method (COMET) [31] , which was first developed for radiation transport [37] , employs the fully implicit treatment on the scattering term in order to numerically ensure the energy conservation of the scattering term. The relationships among the phonon distribution function, equilibrium state and the macroscopic variables are built over the whole wave vector space, and a huge coefficient matrix will be generated and solved iteratively. This method realizes the efficient phonon coupling in both the physical and wave vector spaces and accelerates convergence for all Knudsen numbers.
However, it is not easy to solve so many equations with different wave vectors simultaneously.
Another accelerate strategy for the implicit DOM is the synthetic method, which was first proposed for neutron transport [38] and then developed for radiative heat transfer applications [39, 40, 41] and rarefied gas dynamics [42, 43, 44, 45] . The main point of the synthetic scheme [36, 32, 43, 29] is the introduction of the macroscopic moment equations derived from the different moment equations of the BTE, which strengthens the coupling of the heat carriers with different directions or frequencies [41, 36, 29] . Because the mathematical formulas of the phonon BTE under the relaxation time approximation is similar to the radiation transport equation with isotropic scattering and the Bhatnagar-Gross-Krook (BGK) kinetic model for gas dynamics [1, 2] , the synthetic idea will be a good start to find the steady-state solution of the phonon BTE.
Recently, an implicit kinetic scheme, which is also a kind of synthetic scheme [38] , was developed for multiscale heat transfer problems [33, 46] . The zero-order moment equation of the phonon BTE, namely, the first-law of thermodynamics, is introduced to accelerate convergence for small Knudsen numbers. Because no specific mathematical operator is used to represent the relationship between the heat flux and the temperature at the micro/nano scale, an approximate linear operator with artificial coefficient [47] is constructed to diminish the macroscopic residual. This method works for all Knudsen numbers and accelerates convergence in the near-diffusive regime compared to the implicit DOM. However, the artificial coefficient has to be adjusted to ensure the convergence of the thermal transport in different regimes, as the closer the approximate operator to the real operator, the faster the iteration converges [48, 47] , In this study, a fast synthetic iterative scheme is developed to accelerate convergence for the implicit DOM based on the stationary phonon BTE. Motivated by the synthetic acceleration strategies [32, 36, 38, 42, 43, 44] , the zero-order and first-order moment equations of the phonon BTE are combined to derive the diffusion equation for the temperature, which is asymptotically preserving to the Fourier's heat conduction equation in the diffusive regime. The macroscopic diffusion equation and the phonon BTE are solved sequentially to facilitate the fast convergence to the steady-state solutions. The present scheme can capture the multiscale phonon transport accurately and efficiently, which is easy to implement as it requires few changes to the conventional implicit DOM.
The rest of this article is organized as follows. In Sec. 2, the phonon BTE, the synthetic iterative scheme, and the boundary conditions are introduced and discussed in detail. In Sec. 3, the performances of the present scheme are tested by in a number of one-, two-, and three-dimensional multiscale heat transfer problems. Finally, a conclusion is drawn in Sec. 4.
NUMERICAL SCHEME

Phonon Boltzmann transport equation
For an isotropic wave vector space, the steady-state phonon BTE under the single-mode relaxation time approximation [49, 10] is described by
where f (x, s, ω, p) is the phonon distribution function in the phase space, x is the spatial position, s is the unit direction vector, v = ∂ω/∂k is the group velocity, k is the wave vector in one direction, ω is the angular frequency, p is the phonon polarization, τ is the effective relaxation time, and f eq is the equilibrium distribution function given by the Bose-Einstein statistics [6, 4] .
For convenience we rewrite the BTE in energy density form,
by introducing the energy distribution function e = ωD(ω, p) 
where (e eq − e)/τ dΩdω = 0, where ω min,p and ω max,p are the minimum and maximum frequency for a given phonon polarization branch p, respectively, and Ω is the solid angle in spherical coordinates. Therefore, the temperature can be obtained
The total heat flux is calculated by
Note that from Eq. (2), we can obtain ∇ · q = 0 due to the conservation of the scattering term.
Phonon dispersion and scattering
In this work, the phonon dispersion curves of the monocrystalline silicon in the [1 0 0] direction are chosen to represent the other directions [50, 35] . Only the acoustic phonon branches, namely, longitude acoustic branch (LA) and transverse acoustic branch (TA), are considered and the dispersion curve reported in [34] is used, i.e.,
where k ∈ [0, 2π/a], a = 0.543nm, c 1 and c 2 are two coefficients. For LA, c 1 = 9.01 × 10 5 cm/s, c 2 =
. Apart from above parameters, the phonon scattering [51] is important for the solution of the phonon BTE, too. The Matthiessen's rule is used to couple all phonon scattering mechanisms together [10] , i.e.,
where the specific formulas of impurity scattering τ impurity , U scattering τ U and N scattering τ N can refer to
Ref [27] .
Implicit discrete ordinate method
The stationary phonon BTE (2) is usually solved by the implicit DOM [26, 28, 27] , in which the frequency space and the solid angle space are discretized into lots of small pieces with certain quadrature rules, respectively. For each phonon branch p, the wave vector k is discretized equally into N B discrete
. Based on Eq. (6), we can obtain
The mid-point rule is used for the numerical integration of the frequency space. For the solid angle space in spherical coordinates, we set s = (cos θ, sin θ cos ϕ, sin θ sin ϕ), where θ ∈ [0, π] is the polar angle and ϕ ∈ [0, 2π] is the azimuthal angle. The cos θ ∈ [−1, 1] is discretized with the N θ -point Gauss-Legendre quadrature [52, 53] , while the azimuthal angular space ϕ ∈ [0, π] (due to symmetry) is discretized with the 
Giving a macroscopic temperature T n at the n-th iteration step, the distribution function at the next iteration step e n+1 for a given discretized frequency band and direction is updated by solving the following
We apply the following finite volume scheme to discretize Eq. (8):
where V i is the volume of cell i, N (i) denotes the sets of face neighbor cells of cell i, ij denotes the interface between cell i and cell j, S ij is the area of the interface ij, n ij is the normal of the interface ij directing from cell i to cell j. The van Leer limiter [54] is used to calculate the distribution function at the cell interface e ij for numerical accuracy and stability. The detailed solution of Eq. (9) can refer to some previous references [55, 56, 26] .
Based on Eq. (4), the temperature T * can be obtained by
where w b and w α are the associated weights of discretized frequency space and solid angle space, respectively.
The heat flux is updated by
In the implicit DOM, we set T n+1 = T * , q n+1 = q * . The above process is repeated till convergence.
The implicit DOM converges very fast for the heat transfer in the ballistic regime, however, the number of the iteration steps increases significantly as the system size is much larger than the mean free path of phonons [32, 43, 29, 31, 30] . Our goal in the present work is to develop a fast iterative scheme to accelerate convergence for the implicit DOM in the near-diffusive regime.
Synthetic diffusion equation for the temperature
One of the reasons for the slow convergence of the traditional iterative scheme (8) is that, at the (n+1)-th iteration step, the temperature is evaluated at the n-th step. To tackle this problem, a macroscopic diffusion equation for the temperature should be established; this equation should derived exactly from the mesoscopic phonon BTE, meanwhile, it should be to recover the Fourier's heat transfer law in the diffusive limit.
To do this, let us recall that, when the phonon mean free path is much smaller than the characteristic system size, the Fourier's law is approximated obtained from the first-order Chapman-Enskog expansion [15, 16] , where the heat flux is
where
is the bulk thermal conductivity obtained in the diffusive limit. Note that k bulk is a constant under the assumption of ∆T T ref .
When the phonon mean free path is comparable to or even larger than the characteristic system size, high-order contribution to the heat flux emerges, and the heat flux can be separated into the Fourier part and the non-Fourier part:
The key to developing the synthetic diffusion equation is to find the expression for the non-Fourier part of heat flux, so that the diffusion equation for the temperature can be obtained by applying ∇ · q = 0 to Eq. (14), an equation which is exacly the zero-order moment equation of Eq. (2).
To express the heat flux in the form of Eq. (14), the phonon BTE (2) is firstly multiplied by τ vs and then integrated over the whole wave vector space, which leads to
We reformulate Eq. (15) as
where I is the second order tensor of the unit, while the coefficients are chosen to be
so that according to Eq. (4) the last term on the left-hand side of Eq. (17) is exactly the Fourier's law:
Clearly, the non-Fourier part of the heat flux is
and the diffusion equation for the temperature is
To sum up, we build the correct relationships among these macroscopic variables, i.e., q non-Fourier , q and T , by introducing the zero-order and first-order moment equations of the phonon BTE. Equation (21) Next, we will discuss the details of the solution of the macroscopic equation. The finite volume method is used again to solve Eq. (21), i.e.,
where q non-Fourier is calculated by the second-order moment of the distribution function, i.e.,
The conjugate gradient method [57, 36, 54] is used to solve the above equation for the update of the temperature and 10 orders of magnitude reduction of residual are enforced.
Boundary conditions
The boundary condition plays an important role in the heat transfer. Usually, the thermalization boundary condition, specular/diffusely reflecting boundary condition and the periodic boundary condition are considered in the phonon transport [15] . For the distribution function in Eq. (9), detailed treatments of boundary conditions are the same as that in the traditional DOM [27, 58] .
Here we focus on the boundary treatments of the macroscopic iteration, i.e., the solution of Eq. (22) .
Considering a boundary interface ij between the ghost cell j and the inner cell i in Fig. 1, numerical treatments of different boundary conditions are presented as follows:
...... 
The thermalization boundary is a kind of Dirichlet boundary condition with a fixed wall temperature
T w . However, in the non-diffusive regime, there is temperature jump on the boundary, i.e., T ij = T w .
Based on the moment of the distribution function e ij , i.e., Eq. (10), we can calculate the temperature
2. The specular/diffusely reflecting boundary condition belongs to the adiabatic boundary condition, which requires that the net heat flux across the boundary is zero, i.e., n ij · q ij = 0. Thus we have n ij · (k bulk ∇T ij ) = n ij · q non-Fourier,ij , and hence
3. The periodic boundary condition usually involves two corresponding boundary interfaces, for example boundary interface ij and its associated interface i j between the ghost cell j and the inner cell i , as shown in Fig. 1 . Two constraints can be derived:
If there is no temperature difference between the periodic boundaries, i.e., T ij = T i j , then we have
Solution procedure
In summary, the main procedure of the present synthetic iterative scheme is depicted as follows:
1. give a reasonable macroscopic distribution, i.e., T n ;
2. update the distribution function at the next iteration step e n+1 based on Eq. (9); 3. calculate q non-Fourier based on Eq. (23), and update the temperature T * and the heat flux q * based on Eqs. (10) and (11); 4. update the temperature at the next iteration step T n+1 based on Eq. (22); 5. if converged, stop the iteration; otherwise, repeat step 2 to step 5.
At the end of each iteration step, the heat flux q * and the temperature T * are regarded as our finial results.
In the present synthetic scheme, the macroscopic diffusion equation is introduced to accelerate convergence in the near-diffusive regime and coupled tightly with the phonon BTE. The diffusion equation provides the temperature for the phonon BTE, while the phonon BTE provides the second-order moment to the diffusion equation to describe the non-Fourier heat transfer. In the diffusion equation (22), the Fourier part heat flux with temperature diffusion and the non-Fourier part heat flux are separated and calculated at two different iteration steps. In the near-diffusive regime, the Fourier-part heat flux dominates the heat transfer and any disturbance of the temperature at one point can be quickly diffused by all other spatial points.
While in the ballistic regime, non-Fourier part heat flux dominates the thermal transport and the exchange of information through temperature diffusion is negligible. The combination of the diffusion equation and the implicit DOM makes the present scheme efficient for all regimes.
NUMERICAL TESTS
In this section, we present some numerical simulations to assess the accuracy and efficiency of the present scheme for multiscale heat transfer problems. The heat transfer in a 3D cube silicon material with side length L is simulated. In the x, y and z direction, there are left (right), top (bottom), front (back) boundary faces, respectively. The cartesian grids are used to discrete the physical space and N x , N y and N z uniform cells are used for x, y, z direction, respectively. A parameter is introduced to measure the convergence
where N cell = N x × N y × N z . We assume as < 10 
One-dimensional case
The quasi-one-dimensional cross-plane heat transfer is tested. A temperature difference ∆T is imple- The numerical results are compared with the solutions of the implicit DOM in Fig. 2 . It can be observed that the temperature fields predicted by two methods match well with each other at typical length scales.
In addition, the efficiency of the present scheme and the implicit DOM is also compared in different length scale, as summarized in Table. 1. It can be found that, compared to the implicit DOM, the present scheme has no acceleration in the ballistic regime. Although the CPU time cost per iteration step by the present scheme increases 15 − 20 percents due to the introduction of the macroscopic iteration, the present scheme accelerates convergence by one to three orders of magnitude in the transition and near-diffusive regimes. As L ≥ 10µm, it is very difficult for the implicit DOM to reach convergence. However, for the present scheme convergence is reached within 100 iteration steps for all regimes. The heat flux predicted by the present scheme is compared with the analytical solutions given in Refs. [59, 16] . Numerical results are shown in Fig. 3 and excellent agreements can be observed at different length scales.
In addition, the convergence history of the present scheme and implicit DOM is also compared in Fig. 4 .
As L = 100µm, it is not economic to used the implicit DOM, but the present scheme converges very fast.
As L = 10µm, the CPU time cost by the implicit DOM is 10404 seconds, while CPU time cost of the present scheme is only 67 seconds, which is 155 times faster than the former. Besides, it can be found that the acceleration rate of the present scheme decreases with the decreasing of L, which indicates that the macroscopic diffusion equation loses its function as the Knudsen number increases. In a word, it can be observed that in the near-diffusive regime, the convergence can be reached within 100 steps.
Isothermal solid wall heat transfer
The thermalization boundary conditions are implemented on the left, right, top and bottom faces. The temperature jump happens on the left, top and bottom walls as L = 100nm and 1µm. As L increases from 100nm to 10µm, the non-equilibrium thermal effects decrease. The efficiency of the present scheme is tested and shown in Table. 2. As L = 100nm, both the implicit DOM and the present scheme reach convergence within 100 iteration steps. For the implicit DOM, as L = 1µm, the convergence speed decreases much, and as L = 10µm it is very hard to reach convergence. But for the present scheme, convergence can be reached within 100 steps for all cases. As L is larger than 1µm, the present scheme is over ten times faster than the implicit DOM.
Three-dimensional heat transfer
Based on above subsections, it can be found that the present scheme converges much faster in the near-diffusive regime than the implicit DOM in 1D and 2D cases. To better test the performances of the present scheme in the near-diffusive regime, a large-scale computation of a 3D device-like structure was undertaken [14] . The geometry is shown in Fig. 6 . The length of the geometry in the x, y and z direction is there is a cold area located at the center. The side lengths are L c and L y , respectively. The temperature of the cold area is T c = T ref − ∆T /2. The other boundaries are all adiabatic. The heat is generated at the top and dissipated at the bottom, which is like the thermal transport mechanism in a transistor.
In order to simulate this problem, the thermalization boundary conditions are implemented on the hot and cold area. For the adiabatic boundaries, the diffusely reflecting boundary conditions are used. We set
which is enough to capture the heat transfer process accurately. Due to the large computational amount and memory requirement, we use the MPI paralleling computation with 192 cores based on the solid angle space.
The numerical results including the heat flux streamline and temperature contour are shown in Fig. 7 .
From a global view (Fig. 7a) , the heat flux flows from the hot area to cold area and the temperature decreases gradually along the heat flux line. From the temperature shown in Figs. 7b and 7c , it can be found that there is small temperature jump close to the hot area, which indicates the failure of the
Hot (T h )
Cold (T c ) Figure 6 : 3D large scale heat transfer. Table 3 : The efficiency of the present scheme in 3D heat transfer, where Table. 3. It can be observed that for all cases, convergence is reached within 100 steps in the near-diffusive regime. In summary, the present scheme will be a powerful tool in simulating 3D large scale heat transfer, especially in the near-diffusive regime.
CONCLUSIONS
In this work, a synthetic iterative scheme is developed to accelerate convergence for the implicit discrete A number of numerical tests have confirmed that the present scheme can predict the thermal transport phenomena accurately in a wide range. Furthermore, the present scheme accelerates convergence significantly in the near-diffusive regime, with about one to three orders of magnitude faster than the conventional implicit DOM. For all cases considered in this study, including one-, two-, and three-dimensional problems, convergence can usually be reached within 100 steps in the near-diffusive regime.
We believe our method can be also used to construct fast convergence scheme for phonon hydrodynamic based on the Callaway's dual relaxation model [60, 61, 28] .
